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ABSTRACT

The general continuous-time linear-quadratic control problem is considered. It is
shown that recently developed linear system theoretic properties and algorithms play
an important role in solving this singular control problem.

1. INTRODUCTION

We consider the general semidefinite linear-quadratic control problem for
continuous-time systems. This problem was considered in depth for discrete-
time systems in [11], and it was shown that there is a strong and important
interplay between the structural properties of the underlying linear dynamical
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system and the various existence and uniqueness questions which arise in the
optimization problem.

While the discrete-time problem has been satisfactorily resolved, the
continuous-time case has received far less attention and is not well understood
for singular situations. The basic difference is that for singular problems in
continuous time, (measurable) optimal solutions do not necessarily exist.
While it has been long recognized [9] that by extending the class of allowable
controls to include distributions it is possible in principle to take care of this
difficulty, only special cases have been considered previously. Issues such as
closed-loop stability under generalized control inputs have barely been ad-
dressed.

In this paper we present a fairly complete theory of singular control for
continuous-time systems. As in the discrete-time case, linear system structure
plays a fundamental role. In fact, structural properties which do not arise in
the discrete-time situation are shown to be of great importance in the
continuous-time case.

The basic setup of the singular control problem is given in Section 2, and
the important system notion of weak unobservability is introduced. This
property, together with the dual notion of strong reachability, is explored in
detail in Section 3. The class of allowable distributional inputs for the control
problem is also defined. A newly defined subspace of the state space
(distributionally weakly unobservable states) is then introduced, which coin-
cides in a special case with a space recently introduced by Willems related to
“almost invariant subspaces.” In Section 4 we discuss the “right structure
algorithm.” It is shown that the subspaces of interest can be completely
characterized by this algorithm. Moreover, by its use, the singular problem
can be reduced to a related nonsingular problem. In Section 5 this structural
relationship is exploited to solve the open-loop version of the singular prob-
lem. The infinite-horizon problem and stability issues are considered in
Section 5. It is shown that, as in the discrete-time case [11], the notion of
strong detectability is important here, and that the regular part of the
optimal-control law has a feedback implementation which stabilizes the
closed-loop system for an initially stabilizable and strongly detectable system.

2. SINGULAR OPTIMAL CONTROL PROBLEMS

The general semidefinite linear-quadratic control problem on a finite
interval is defined as follows: Given the differential equation

(2.1) % = Ax + Bu
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with initial state x(0)= x,, determine u:[0,T] > R™ such that

(2.2) ](xo,u,T):=fT[x’(t)Qx(t)+2u’(t)Sx(t)+u’(t)Ru(t)] dt
0

is minimal.
Here A€ R"™", BER™ ™, x, €R", T>0, and Q, S, R are matrices of
suitable dimensions such that

= w9 5]

is symmetric and nonnegative semidefinite.

Special cases of this general problem are the nonsingular problem R >0
(Notice that R > 0 follows from M > 0) and the standard problem R > 0 and
S=o0.

The standard problem is well established (see [5]). The nonsingular
problem can be reduced to the standard problem by a suitable state-feedback
transformation of the form u = Fx + v. To the authors” knowledge there does
not exist a general treatment of the singular problem, i.e., the case where R is
allowed to be singular.

A slightly modified formulation [11] brings in a systemic flavor, which
enables one to intuitively understand and guess various properties of the
system. Decompose M as

o ¢ 5)-I5ke

This is possible, since M > 0. As in the discrete-time case [11], it is quite
useful to introduce the artificial output y = Cx + Du and consider the system
2

= Ax + Bu,
(2.5)

y=Cx + Du.

Then the expression (2.2) can be written as

(2.6) Jxow,T)= [yl dr,
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where |- denotes the Euclidean norm. Since R = D’D, the problem is
nonsingular iff D has full column rank, i.e., is left invertible. The problem is
standard if, in addition, D'C = 0.

RemaRk 2.7. The claim made before, that the nonsingular problem can
be reduced to the standard problem can easily be verified in this formulation.
In fact, substitution of u = Fx + v into (2.5) yields Zz: & = (A + BF )x + Bo,

= (C + DF)x + Du. The condition for the resulting system to be standard is

PR I = ’ -1ry
D (C + DF) - 0, Whlbh Ldll bC DaleflUd Uy F; - (n n) n ﬂ

For the standard problem it is known that an optimal control always exists
and is unique. The optimal control is given by a time-variable feedback

(2.8) u=F(t)x,
and the minimal value of J equals

(2.9) V(xg,T):=minJ(xq, u,T)=x,P(T)x,,

where P(t) is a nonnegative semidefinite matrix which is the solution of a
suitable Riccati equation. These results carry over to the general nonsingular
case.

To illustrate the usefulness of the introduction of the system Z (2.5) into
the problem we consider the question of finding the set of initial values x, for
which V(x,,T) is zero—or equivalently, the null space, or kernel, of P(T).
Obviously, x, € Ker P(T) iff there exists an input ©:[0,T]— R™ such that
y(t)=0, 0<t <T. Hence, as in the discrete-time case {11], we make the
following definition:

DerintTiON 2.10. A state x, € X: =R" is weakly unobservable on [0, T ]
if there exists an input w:[0,7] — R™ such that y(¢)=0for 0 <t < T.

The space of weakly unobservable states can be shown to be independent
of T, and algebraic algorithms can be given for its computation [11]. If we
denote this space by Y, then we see that for nonsingular problems ker P(T') =
“Vis independent of T.

Easy examples show that in the singular case optimal controls no longer
necessarily exist.

ExampLE 2.11. Consider the system

i=u, y=x, x(0)=1.
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Then J = [Tx?(t)dt can be made arbitrarily small by a suitable choice of u
[e.g., ff u(t)=—1/efor 0 <t <eand u(t)=0 for ¢ > ¢, then J < ¢/3]. Also,
it is clear that for no piecewise continuous u (nor for any measurable control)
J can be made zero.

The example suggests the use of impulses as admissible controls. For
instance, if we were to take u = — 8(¢) (the Dirac delta function), then
x(t)=0 for t >0 and J=0. A rigorous setup for this approach can be
obtained in the framework of the distributions, or generalized functions, as
introduced by L. Schwartz.

Notice that we cannot admit all impulses. If, e.g. in Example 2.11, we take
8 (the derivative of the delta function), then x(t)=1+ 8(t), and therefore
x%(t) and hence J are not defined. In the general problem we will restrict our
inputs to those for which the output y is a regular function. This will be
described in detail in the next section. It will turn out that within the class of
distributions for which the output is regular, an optimal input exists and is
unique (see Section 5) provided that the system X is left invertible.

CoMMENT 2.12. The singular optimal-control problem for continuous-
time systems has been studied before, either directly (see [1], [2], [9]) or as a
limiting case of a singular perturbation problem (see [6], [14], [15}). Typically,
in this literature, it is assumed that S =0 and R = 0. In addition, in the cases
where an optimal control is actually computed or obtained via a limit process,
additional regularity assumptions are made, e.g. Q > 0, or more generally,
Vo=-"+=V,_,=0, V, >0, where V;: = B’A"QA'B.

In this paper, we only assume left invertibility of =, or equivalently, the
uniqueness of optimal controls (see [2] for a discussion of problems where one
does not have uniqueness).

The use of distributional control in the singular optimal control problem
has been suggested repeatedly (see [1], [9], [15], and in particular [12]), but
never pursued in any detail.

3. WEAKLY UNOBSERVABLE AND STRONGLY REACHABLE
STATES

As suggested by the previous section, we are going to allow impulsive
controls as inputs. The natural mathematically rigorous set up for impulsive
controls is distribution theory. When allowing general distributions we run
into a number of technicalities, which can be resolved but which obscure the
inherent algebraic structure of the concepts and results to be discussed in this
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section. In order to avoid these technical details we restrict ourselves to a
special class of distributions which is sufficiently nice to allow us to make the
treatment completely algebraic and at the same time large enough to be
representative for the system’s behavior under general distributions as inputs.
First we give a description of general distributions, then we define the
subclass of distributions we will restrict ourselves to.

The set of distributions defined on R with support on [0, o0) is denoted
@’. This set is closed under convolution. For a detailed description of
properties of distributions we refer to [10].

Particular examples of elements of %D, are the §-distribution and its
derivatives. Linear combinations of these particular distributions will be called
impulsive distributions. In order to simplify the notation we denote convolu-
tion by juxtaposition like ordinary multiplication; we denote the delta distri-
bution by 1 and its derivative by p. A constant multiple of the delta
distribution will, if no confusion can arise, simply be denoted by that
constant:

ad=a1=a.

An impulsive distribution can now be written as ©¥_,a,p‘, where a;, €R for
i=0,...,k, and where p° is understood to be the delta distribution 1.

Another particular class of elements of %', is the set of regular distribu-
tions in .. These are distributions that are functions. For most considera-
tions the exact class of functions to be used to define regular distributions is
not important; one can e.g. choose piecewise continuous, integrable, or
measurable functions. In this paper, however, we make a much more restric-
tive assumption. We assume that our regular distributions u(¢) are smooth on
[0, o0), i.e., that a function v:[0, 00) = R exists, arbitrarily often differentiable
including at ¢ = 0, such that

u(t):{o (£<0),
o(t) (¢£=0).
Differentiability at ¢ = 0 of v(t) is defined in an obvious way. Equivalently
one can say that o(t) can be extended to an arbitrarily often differentiable
function defined on some interval (— ¢, 0), where € > 0.

Now we are in the position to define the class of distributions to be used
in this section.

DerFiniTionN 3.1, An impulsive-smooth distribution is a distribution u of
the form
u=1u;+ Uy
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where u, is impulsive [i.e., 4, ={(p) for some polynomial ] and u, is
smooth on [0, o). The class of these distributions is denoted @imp.

Thus, regular distributions as well as impulsive distributions are in C,.
The following property of €, is crucial.

Proposirion 3.2. C,, is closed under convolution, in particular under
differentiation ( = convolution with p) and integration ( = convolution with

p )

Various properties of the class €, are discussed in [4]. In particular, it is
shown in [4] that u € @imp is invertible (with respect to convolution) iff u is
not in C*(R), ie.,, u is not infinitely often differentiable in ¢t =0. For
example, u = p — a is invertible and (p —a) ! = e’ (¢ > 0). More generally,
if A is a n X n matrix, then pI — A is invertible and (pI — A) "' =e' (¢t > 0).
Here and elsewhere in this paper we use the straightforward extension of
distributional concepts to vectors and matrices.

Let us now consider the system X:
(3.3) i=Ax+Bu, y=Cx+Du

in the above framework. We have to define what we mean by the solution of
(3.3) with initial value x,. This is a nontrivial matter, since distributions do
not have a well-defined value at a particular time instant t,. If we are
interested in the particular case x, = 0, the situation is simple: we require that
x € Cp,,. For such x we have i = px, and hence (3.3) yields

x=(pI—A)‘1Bu,

y=T(p)u,

where u € C | and

(3.4) T(s):=C(sI— A) 'B+D.

[ Note: T(s) is a rational matrix in the indeterminate s; T(p) is the matrix-val-
ued distribution obtained by substituting s = p and interpreting (pI — A) ™!
to be the convolution inverse of pI — A, whence (pI — A) ! =e'® for t > 0).

It is well known that the solution x of (3.3) within the class 9, is unique,

and it follows from the foregoing considerations that x € Cf  if u € C}} .
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If we want to define solutions with initial value x,,, we again require x to
be in " | but we replace the equation px = Ax + Bu by

imp?

(3.5) px = Ax + Bu + x,,

where x, stands for the R"-valued distribution x,-1. The addition of the term
x, in the right-hand side results in a jump of the state variable x. In addition
to this jump there may be other jumps caused by impulsive terms in u.
However, if u is regular, then (3.5) implies x(0 + ): =lim, | ,x(¢) = x, which is
in accord with our intuitive idea of initial value. In the general case where u is
allowed to have an impulsive component, x(0+) consists of two terms, the
“initial value” x, and a term resulting from the impulsive part of u.

When comparing this distributional setup for linear systems with the more
conventional interpretation, we observe that a number of new concepts arise,
not present for systems with only regular inputs. In particular, we may
introduce the space of instantaneously reachable points. A point x, is called
instantaneously reachable if there exists an input u € Cj  such that with zero
initial state, we have x, = x(0+). It is easily seen that x(0 +) only depends on
the impulsive part of u. If u is impulsive, say

then the equation (pI — A)x = Bu implies that the impulsive part x,,, of x is
given by
i=—k+1
where the coefficients x; are determined by
(3.6) x,,=Ax;+ By, (i=-k,...,—1)

and x(0+) is the coefficient of p ! in the expansion of (pI — A)™'Bu in
powers of p !, ie.

x(0+) =x, = Ax, + Bu,.

We conclude that the coefficients of x satisfy the discrete-time equation
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corresponding to (3.3). Similarly we have
(3.7) y;=Cx;+Du;, (i=k,...,0),

where the y,’s are coefficients in y,,,,, the impulsive part of y.

As a consequence of this, we see that the space of instantaneously
reachable states is the image of [B, AB,...,A" !B}, ie., the (ordinary)
reachable set.

In the optimization problem discussed in Section 2 we want to minimize
[ly|®dt. Therefore we insist that the inputs be such that the output y is
regular, ie., y;,, = 0. Such inputs will be called admissible, and the space of
admissible inputs, which is of course system dependent, is denoted U 5. An
explicit description of @y will be given in Section 4.

The rest of this section will be devoted to a discussion of two important
spaces Y and W.

DEFINITION 3.8. A state x, is called weakly unobservable if there exists a
regular input u on [0, 00) such that the output resulting from x, and u is
identically equal to zero on [0, o0). The space of weakly unobservable states is

denoted V' = V(Z).

The space V is easily seen to be a linear subspace of the state space
X =R" containing the unobservable states.
We have the following simple property.

ProposiTioN 3.9. Let x, € V, and let u:[0,0) —» R™ be a smooth input
such that y(t)=0 for t > 0. Then x(t)€ YV for all t > 0.

In fact, for any t; >0 we can use the input u(t):=u(t +1t;) (t >0)
corresponding to the initial state x,: =x(¢;).

TuroreM 3.10.  Vis the largest subspace £ of X for which there exists a
feedback F: X, > R™ such that

(3.11) (A+BF)cf, (C+DF)L=0.

Proof. We first show the following statement:
(3.12) Vxo€V JuyeR™ [Ax,+ Buy €V, Cxo+ Duy=0].

Let x, € V, and let u be such that y(¢)= 0 for ¢ > 0. According to Proposi-
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tion 3.9 we have that x(¢)€ V for all ¢t > 0. Hence x(0)= Ax, + By, €V,
where u,: =u(0). In addition, y(0)= Ax, + Bu, = 0, which proves (3.12).

Now let x,,...,x, be a basis of V, and construct u,...,u, according to
(3.12). Choose a map F:X - R™ such that Fx,=u, (i=1,...,k). Then
(3.12) translates to the following. For i =1,...,k we have

(A+ BF)x, eV, (C+ DF)x, = 0.

Since x,...,x, is a basis of Y, it follows that £ = % satisfies (3.11).

Now let £ be any space for which there exists F such that (3.11) is
satisfied. Then, if x, € £, there exists an input u of (3.3), viz. the feedback
u = Fx, such that y(¢)= 0 for all ¢ > 0. Hence x, € V. It follows that £ C V.

| |

DeriniTioNn 3.13. A state x, is called strongly reachable (from the origin)
if there exists an impulsive input u € 9l such that for the corresponding
state trajectory x we have x(0+ )= x,. The space of strongly reachable states
is denoted U = U(Z).

Obviously, S is a linear subspace of % contained in the reachable space.
If an impulsive u € A ¢ gives x(0+ )= x, for zero initial state, then the same
control will produce the state x(0+)=x,+ x, if the initial state is x,.
Therefore, the set of states instantaneously reachable from x, by means of
admissible inputs is x, + °Uf. In particular we see that 9 is also the space of
strongly controllable states, i.e. states from which the origin can be reached
instantaneously by means of an admissible input.

The strongly reachable space can be given an interpretation in terms of
the recurrence relations (3.6) and (3.7). The condition that y be regular
translates to y, = 0 (i < 0). Therefore we find: A state % is strongly reachable
iff there exists an input sequence (u_,...,4,) such that with initial condition
x_,; =0 (3.6) and (3.7) yield sequences (x,) and (y,) satisfying

Yy y=--=y¢y,=0 and x, =7%.
It follows from these considerations that 95 satisfies the following condition:
(3.14) Vx,€W VuyeR™ [Cxy+ Duy=0 = Ax,+ Bu, € W].

We use this property to prove the following result.
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Tueorem 3.15.  There exists an “output injection” G:R” — X such that
(3.16) (A+GC)W W, im(B+GD)cW.

Moreover, U is the smallest subspace of X, for which such a G can be found.

Proof. Choose a basis

(3.17) [Zi][ii]

of W& R™ such that the first k elements form a basis of (U & R™)Nker[C, D].
Define

y:=Cx,+Du;, (i=1,...,1).

Then y,=0(i=1,...,k)and y, , ;,...,y; are independent. Choose G:R" — ¥
such that Gy, = — Ax, — Bu, for i =k +1,...,1. Then

X
w,.:=[A+GC,B+GD][u4

t

] = Ax, + By, + Gy,.

For i < k we have w, = Ax, + Bu, € U by (3.14), and for i > k, w, = 0 € 9.
Since (3.17) is a basis of WS R™, the result is proved.

Now let £ be any subspace for which there exists a map G:R” — % such
that
(3.18) (A+GC)EcP, im(B+GD)ckt.

We show that we must have U C £. Let £ € °lS. Then there exists a sequence
U_p,..., Uy such that if x _, =0 and

x,,1:=Ax;+ By, (i=-k,...,0)
we have y,: =Cx; + Du, =0 (i= —k,...,0) and x, = £. It follows that
x,.,=(A+GC)x,+(B+GD)u,.

But then (3.18) implies that x; €€, i = —k,...,1, in particular, ¥ =x, €£.
Hence U C £. ]
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It follows from Theorems 3.10 and 3.15 that ‘Vand QU are dual concepts.
Specifically, if we define Z’: =(A’, C’, B’, D’) (where the prime attached to a
matrix denotes transposition), then

W):':(%z)l’ %2'=(%F>:)¢

It is possible to give algorithms which produce the spaces “V and 9. An
algorithm for “V can be obtained from Theorem 3.10 and the condition (3.12).
The latter condition can be written as

(3.19) [‘é]w’g(%”eaoy)ﬂm[g],

whaova e Lo tlhn e vraad e PR S TAE 7% | P SO
willelc U BLdllUB 101 LT 4 clLwul lll y'DdeC \ e lN ) ana it 1ouoOws I1ron
Sp

Cl1U
Theorem 3.10 that Vis the largest space satisfying an inclusion like (3.19).
we define the sequence of spaces V,...,V by

[l
=

-1

(3200  i=%X, W;H;=[‘é] {(C\geaoy)ﬂm[g]},
then it is easily seen that VY, 2V, 2V, 2---and that V=V, implies
4, =V, (k = i). Consequently °\ =N and hence Vv satisfies (3 19). Also,
if £ 1is any space satisfying (3.19), then by induction we have Y 2F for
i=0,...,n. Hence V, =Y. The spaces V; can be given a system-theoretic
interpretation: V; is the space of initial states x, for which there exists a
regular input u such that for the resulting output y we have y‘?(0+)=0
(j=0,...,i —1). It follows from the above considerations that, if we can find
an input u such that y»(0+)=0 (j=0,...,n —1), then we also can find a
regular input u such that y(¢)= 0 for ¢ > 0.

Dual results are valid for 9. In the first place (3.14) can be rewritten as

(3.21) [A, B]{{UWeR™))nker[C, D] C A,

and 9 is the smallest subspace satisfying such an inclusion. This suggests the
recursion

(3.22) AU,: =0, W, :=[A, BJ{(W,®R™)Nker[C, D]} c UW.

Here, U, can be interpreted as the space of states x, strongly reachable by an
impulsive input u of order < i —1 [i.e., u is of the form u = Y(p) where Y is a
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polynomial of degree < i —1]. This interpretation follows from the considera-
tions preceding (3.14). We have U, € W, € --- € A, and if W, =W,
then U, = W —in particular, U, = .

Next we consider the spaces 4+ QU and V N U and their relation to
system invertibility.

ProrosiTION 3.23. x4, € V + U iff there exists u € QU 5 such that y(¢) =0
(t > 0).

Proof. Let x,=x, +x, with x, €V, x, € U. There exists an impulsive
u, such that x(0+, x,, u,)=0. [By x(¢, x,, u) we denote the value of the
solution of (3.5) at ¢ > 0 resulting from initial value x, and control u. Recall
that x(-, x5, u) is in Cf , so that x(t,x,,u) is defined for t >0 and also
x(0+, x,, u).] In addition, there exists a regular u, such that y(¢,x,u;)=0
for t > 0. Using the input u: =u, + u, € U5 we have y(t, x,, u)=0.

Conversely, let for some u € Uy and initial state x, the output y(¢) be
identically zero. The input can be decomposed as u = u, + u,, where u, is
regular and u, is impulsive. Let x(0+,x,, uy)=:x,. Then x(t,x,, u,)=
x(t, x4, #), since u = u, for £ > 0 and the state variables have the same value

gt + =N L Tlawan n that v. €V Since x
at t = 0 +. Hence, y(¢, Xy uz)—— y(t, Xo» u) =0, so that X &7V, SiNCe X! =X
— x, in 9, we have x, € V + . s

Because of Proposition 3.23 we call elements of V + AU distributionally
weakly unobservable. The space V+ AU is closely related to the right
invertibility of 2. We say that X is right invertible if for every regular function
y:[0,00) = R" there exists an input u € QU such that, with the initial state
x, = 0, the corresponding output trajectory equals y.

TueoreM 3.24. The following statements are equivalent:

(i) Z is right invertible.

(i) V+ W =% and im[C, D] =R".

(iii) The transfer function T(s) (see (3.4)) is right invertible as a rational
matrix.

Proof. (i)= (ii): Since y(t) € im[C, D], the condition im[C, D]=R" is
obvious. Now we take any x, € X and we show that x, € V + Q. Consider
y(t, x4,0) = Ce'®x,,. There exists u € U such that y(t,0, u) = y(¢, x,,0) for
t > 0. Then we have that y(¢, x4, — )= y(t, x5,0)— y(¢,0, + u)=0for ¢t > 0.
Since — u € AUy, we conclude from Proposition 3.23 that x, € V + .

(ii) = (iit): If T(s) is not right invertible, there exists a nonzero polynomial
row vector Y(s) such that $(s)T(s)=0. Let x, € X =V + . Then there
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exists u € U 5 such that y(¢, x,, u)=0 (¢t > 0), i.e,
T(p)u+C(pl — A) 'x,=0.

Hence Y(p)C(pl — A) *x, =0 for all x,, which implies that y(p)C(pI —
A) ' =0 and consequently y(p)C = 0. By (3.4) it follows that 0 = {(p)T(p)
= y(p)D = 0. This is clearly in contradiction with im[C, D]=R".

(iii) = (i): If T(s) is right invertible, there exists R(s) such that T(s)R(s)
= ]. For any regular function y we choose u = R(p)y. Then

y(-.0,u)=T(p)u=y. m

ProposiTiON (3.25). x,€ VN iff there exists u€ Uy such that
x(0+,0,u)=x, and y(£,0,u)=0 for t > 0.

Proof. If x5,&€ Y N, there exists an impulsive u; € Uy such that
xo, = x(0+,0, u;) and there exists a regular u, such that y(¢, x,, uy) =0 for
t > 0. It follows that u=u, + u, satisfies the condition. The converse is
straightforward.

A system is called left invertible if there exists no nonzero input u € U
such that the output y(t,0,u)=0 for t>0. Since y(-,0,p *u)=
p~ *y(-,0, u) and since p ~ *u is regular for sufficiently high k, we may replace
“u €y by “regular u” in the definition of left singularity.

Tueorem 3.26. The following statements are equivalent:

(i) Z is left invertible.

(i) VNnUW=0 and ker[g] =0.

(iii) The transfer function T(s) is left invertible as a rational matrix.

Proof. (i)= (ii): If Bu, = 0, Du, = 0 for some u, = 0, then, choosing the
impulsive input u = u, ( = u,-6), we find that y(¢,0,u,)=0 for all ¢ > 0.
Hence 2 is not invertible. Now suppose that x, € V' N 9 and x, = 0. Then,
according to Proposition 3.25, there exists u € 9 5 such that y(¢,0, u)= 0 for
all £ > 0 and x(0+,0, u) = x,,. The latter equality implies that u = 0, so that =
is not left invertible.

(i) = (iii): If T(s) is not left invertible, there exists a nonzero vector-val-
ued polynomial ¢(s) such that T(s)¢(s)=0. Let u:=¢(p) and x, =
x(0+,0,u). Then x, € ¥ N 9 because of Proposition 3.25, since y(-,0, u)=
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T(p)u=T(p)¢(p) = 0. Then by assumption x, = 0 and consequently x(¢)= 0
for t >0, since u(t)=0 for t > 0. It follows that (pI — A) " !'Bu=0 and
hence Bu = 0. In addition, T(p)u =0 and hence Du =0 [see (3.4)]. Since
ker B Nker D = 0, this implies that u = 0, which is a contradiction.

(iii)=(i): If R(s) is a left inverse of T(s), then T(p)u=0 implies
u=R(p)T(p)u=0. ]

[V 2N o

CommenT 3.27. The spaces V, U, V N AW,V + U have been discussed
by various authors, under varying conditions. The space “V was given in {11]
for discrete-time systems. In a paper also considering exclusively discrete-time
systems, Molinari introduced the spaces “V and U (see [7]). In particular the
algorithms (3.20) and (3.22) are introduced in [7]. In [8] and [13, Problem
5.17] the spaces ¥ and °US are discussed for the special case that D = 0. While
the generalization to the case where D is allowed to be nonzero is not very
difficult (see, e.g. [13, Example 4.6}, where a method is proposed to reduce,
somewhat artificially, the general case to the case D = 0), it is very essential in
such matters as invertibility and the singular optimal-control problem (com-
pare [11]). Also, in [8] and [13], no (open-loop) systemic interpretations are
given for these spaces. Such interpretations are given (for D = 0) in [12], in
terms of almost invariant subspaces. Also, the use of distributions in order to
describe various spaces was suggested in [12]. Note that V, V' + U, W and
9 N U coincide with the spaces V*, V¥, R ¥, and R, respectively, in the
notation of [12].

4. APPLICATION OF THE STRUCTURE ALGORITHM

The space V' can be computed by the structure algorithm as shown in [11].
For the computation of the space €l we need a dual version of the structure
algorithm. We discuss this dual algorithm in detail, for not only does it enable
us to compute U, but it will also be used for the transformation of the
singular optimal-control problem into a nonsingular problem.

Consider the system

(4.1) px=Ax+ Bu+x,, y=Cx+ Du.

If D is not left invertible, there exists a basis transformation S in u-space such
that D has the form [ D,0]. Specifically

(4.2) DS =[D,0],
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where D is left invertible. Let
(4.3) BS=:[B, B],

and introduce a new control variable by

(4.4) u=S[

|

& 8

Then, (4.1) can be rewritten as
(4.5) px=Ax + Ba+ Ba + x,,
y=Cx + Da.

It follows from (4.5) that the output will be regular if @ is regular and 4 is the
derivative of a regular function. This suggests the substitution

h

(4 8) B
\F.V) PY,
which yields
(4.7) p(x— Bv)= Ax + B +x,.
If we next substitute
(4.8) x,:=x — Bo,
we obtain
px, = Ax, + Bii + ABv + x,,

(4.9) _ ;

y=Cx,+ Du+ CBo.
Thus we have a new system Z;:

px, = Ax,+ Bu, +x,,

(4.10)
y=Cx, + Du,,
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where

(4.11) B:=[B,AB], D;:=[D,C

Note that
(4.12) u=Fy(p)uy,
where

_J1 o
(4.13) Po(s).—S[O SI].

Consequently, the transfer function of 2, is
(4.14) T(s)="T(s)Py(s).
It follows that
(4.15) €Uy« Pp)u, €Us.
We claim that
(4.16) W, =im B
[where °Uf, is defined as in Section 3; see (3.22)]. As a matter of fact,
according to (3.22), W, = {Bu|Du = 0} and according to the above construc-
tion, this is im B.

We have the following relations between the weakly unobservable and the
strongly reachable spaces of 2 and X;:

ProposiTION 4.17.

M V() V(E,),
(i) WE)2WE,),
(iii) V(Z)+ W(Z) = ‘V(El)+ GM(ZI).

Proof. (i): x, € V(Z) iff there exists a regular u such that

(4.18) T(p)u+C(pl — A) 'x,=0,
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and x, € V(X)) iff there exists a regular ©, such that
(4.19) T(p)By(p)uy + C(pl — A) 50 =0.

Since the regularity of u implies the regularity of «,: = P,” '(p)u, the inclusion
(i) follows.

(ii): x, € W(Z) iff there exists an impulsive u € AL  such that x, = x(0+),
where

(4.20) x=(pl—A) 'Bu,

and x, € W(Z)) iff there exists an impulsive u; € Wy such that x, = x,(0+),
where

4.21 x,=(pl—A) 'Bu~— Bo
( 1 (4

and v and u are as in the definition of 2, (i.e., u = Py(p)u,, u; = | @, v]). This
can be seen either from (4.8) or from x, = (pI — A)~'B,u;,. Since u impulsive
implies that u, = Py(p)u is impulsive and since im B = U, > U, it follows
that x,(0+) € W(E) if x,(0+) € W(E,).

(iii): x, € V(2)+ W(Z) iff there exists u € W 5 such that (4.18) holds (see
Proposition 3.13). Similarly, x, € V(Z,)+ W(Z,) iff there exists u, € Uy,
satistying (4.19). Since u; € WUy iff u = F(p)u, € Uy [see (4.15)], the result
follows. ]

The formula D, = [ D, CB] and the fact that rank D = rank D imply that
rank D| > rank D. If rank D, = m we can repeat the above procedure. Thus
we obtain a sequence of systems 2, =23,3,3,,... and corresponding
matrices D, such that rank D, < rank D, |. In addition we have the following
inclusions:

(4.22) V(Z,)cV(Z)c:- -,
(4.23) UWE)2W(Z)2- -,
while V(Z,)+ AW(Z,) does not depend on i. After one step, the matrix D, has
the form D, = [D, CB]. Since the columns of D are linearly independent, it is

possible (and convenient) to choose the matrix S, (i.e., the S matrix of the
algorithm in the second step) of the form

I s,
ass we[l

where S, is nonsingular.
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After a finite number of steps, the rank of D, does not increase any more

and we have the following result:

TueoreM 4.24. Iv<n such that rank D, =rank D, for izv, and
rank D, = rank D, = rank T(s). In particular, if = is left invertible, then there
exists v < n such that rank D, = m (the number of inputs), so that D, is left
invertible.

Proof. By duality with the left-structure algorithm and the corresponding
result in [14]. ]

Proposition 4.17(ii) can be refined to
(4.25) UW(Z) =W (Z)+W(Z,),

as follows from the same proof [see (4.20) and (4.21)]. Iterating this equality,
we obtain

(4.26)  W(Z)=W(Z)+W(Z))+ -+ + W(E,)+W(E,,))
The spaces “W,(Z;) are computed durirg the structure algorithm [see (4.16)]
(4.27) W,(=,)=im B(Z,)=:im B,.

If D has full column rank, then it is easily seen that (=)= 0. In fact, in
this case the transfer function T(s) has a proper left inverse R(s), and hence
y = T(p)u regular implies that u = R(s)y is regular. Hence 9y consists only

of regular inputs and U(Z) = 0.
Combining the above results, we have

THEOREM 4.28. Let X be left invertible. Then in the structure algorithm
there exists v < n such that rank D, = m. The space () is given by

W)= W)+ W(Z))+ -+~ + %1(2,,*1)=im[1§0,l§1,...,f},_l]

Note that for consistency we have attached the index 0 to quantities
related to the original system.
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5. OPTIMAL OPEN-LOOP CONTROL FOR LEFT-INVERTIBLE
SYSTEMS

If 2 is left invertible, then, as noted in the previous section, there exists »
such that D, is left invertible. Therefore U s, consists only of regular inputs.
Iterating the relation (4.15), we obtain

(5.1) AUy = { P(p)vlv is regular},
where
(5.2) P(S)=P0(S)P1(S)"'Pu—l(s)-

The relation (5.1) gives an explicit formula for @ .

We can use the computation of the previous secticn to find the optimal
control. Using the transformations given in Section 4, we see that the
optimization problem as described in Section 2 is equivalent to the following:
Determine w,(¢) such that for the function y(¢) defined by

(5.3) px, = Ax, + Bu, + x,,
y=Cx,+Du,,

the integral [7|y|®dt is minimized. Since this is a nonsingular problem, we
know that there exists a unique optimal control u* which is given by

(5.4) ur(t)=F,(t)x,(t),
where

E(t):=—(D;D,)"(B/K(t)+D,C)
and K(t) is the solution of the Riccati equation

5.5) K(t)=-C'C—A'K—-KA+(KB,+C'D,)(D:D,) (KB, +C'D,)Y,
) v v v V) \ v V}
K(T)=0.

In addition, the minimal value of J equals

(5.6) Jxo,u*,T)=x,K(0)x,.
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It follows that the optimal control of the original problem exists (within the
class A ), is unique, and is given by

* — *
(5.7) u* = P(p)ut.
The solution K(¢) of (5.5) is obviously in C*® for ¢t > 0, and hence «* is in C*
for t > 0, so that u* is in €, . Hence we have

THEOREM 5.8.  The optimal control problem as defined in Section 2 has a
unique solution u*, given by (5.7), within the class A 5. This input is of the
form

(5.9) u*=u}

*
I-mp+u

reg >

% o . .
where u}, . is impulsive and uy, is regular.

Note that u*(¢) was originally defined only on the interval [0,T]. We
extend its domain by setting uX(¢)= 0 for ¢ < 0 and by choosing any smooth

extension of u* for ¢ > T. This we have to do in order to identify «} with a

AictiTorats
aistrioution.

The minimal value of J equals x{ K(0)x,, as in the modified problem [see
(5.6)]. We want to discuss the relevance of the quantity x; K(0)x, for the
original problem where we do not use a distributional input.

TrEOREM 5.10.
x(K(0)x, = inf J(xy,u,T),
where the infimum is taken over all C* functions u defined on [0, T).

Proof. Choose a function ¢ € C*(R) satisfying

suppp C [0,e], O<op<=, fe¢dt=1.
4]

Here ¢ > 0 is any number. Define
Uy = * u* = pu*.

(Recall that we denote convolution by juxtaposition.) Then it is well known
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that v, is in C*. Let y,, denote the output corresponding to the input v, (and
initial state x,). Then

Y =T(p)u¢ + C(pl - A)ﬁlxo.
Hence,
Y —y*=(o - DT(p)u*= (¢ -1)Z*

because convolution is commutative. Here y* is the output corresponding to
the input u* and Z*: =T(p)u* = y*— C(pl — A) ™ 'x,,. It follows that

s = vl =| [¢(1)Z(t =) dr = 22(1)|

=|[te(nz(e =)= z+(t)) dr

< max |Z*(t—7)—-Z*(t)|.

0<T<e¢

Since Z* is uniformly continuous on [0, T], it follows that y, — y* (¢ > 0)
uniformly with respect to ¢ € {0, T]. In particular,

[llug(eypde > [Ng#pde (e—0). .
0 0

It is well known that inf J is a quadratic function of x,, (see [1]). Theorem
5.10 gives a method for computing this infimum explicitly as well as for
finding a minimizing control sequence, i.e., a sequence of control functions u,
such that J(x,, u,, T)— inf, (x4, u,T) for k — o0,

In Definition 2.1 we introduced the space of states weakly unobservable
on [0,T). Let us, for the time being, denote this space by V.. In Definition
3.8 we introduced the space Y of weakly unobservable states (on [0, c0)).
From the definitions it is clear that V € V. and if T} <T, then V; 2V .
Therefore V,.: =\ 7V} is a linear subspace satisfying V,, 2 V; 2 V. We
want to show that we have actually ¥, , = “V"and consequently = V for all
T > 0. Let x, € V,,; then there exists T > 0 such that x, € ¥} and an input
u:[0,T] > R™ such that y(t)=0 for 0<t<T. As in Proposition 3.9, it
follows that x(¢) € V; _,for 0 < t < T. Consequently, x(t) € ¥, for0 <¢ <T.
Hence %(0) € 7V ,. That is, for every x, € ¥, there exists u, € R™ such that
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~

Ax, + Buy, €%, Cxy+ Duy=0. In other words, (3.11) is satisfied with £
replaced by V. Exactly as in the proof of Theorem 3.10, we infer from this
the existence of a feedback F such that (A + BF)YV,, € Y, ,, (C + DF)Y, = 0.
Since Vis the largest space for which such a feedback exists, we must have
8. € V.

It follows that there exists a regular input such that J =0 iff x, € V. In
particular V" C ker K(0). However, we do not necessarily have equality, since
K(0)x, =0 if infJ=0. The following result follows easily by applying the
previous considerations to Z:

TureoreM 5.11.  ker K(0)= YV + W, the space of distributionally weakly
unobservable states.

In fact, since AU(Z,)= 0, we have by Proposition 4.17

V4 QW =F(S,)+ W, ) = V(S,).

6. THE INFINITE-HORIZON PROBLEM

Our objective is to minimize [;°]y|?dt. In order to guarantee the existence
of a control for which this integral converges, we assume that X is stabilizable.
For the standard problem the theory is well established.

TueoREM 6.1.  Suppose that D is left invertible and C'D = 0. Then, if
(A, B) is stabilizable, the solution of the equation

(6.2) P(t)=C'C+AP+PA—-PB(D'D) 'B'P, P(0)=0

is nondecreasing and converges to the matrix F, that is the smallest nonnega-
tive semidefinite solution of the algebraic Riccati equation

(6.3) C'C+ A'P,+ P,A— P,B(D'D) 'B'P,=0.
The infinite-horizon problem of minimizing [°|y|® dt, where y is given by

(6.4) i=Ax+Bu, y=Cx+Du, x(0)=x,,
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is solved by the feedback control

(6.5) u=—{(D'D)” 'B'Px.
Furthermore, the resulting coefficient matrix

(6.6) Ay:=A—-(D'D) 'B'P,

is asymptotically stable iff the system is detectable. In this case (6.3) has a
unique nonnegative solution.

For a proof we refer to [5]. Note that the matrix K(¢) of (5.5) is related to
P(t) by the formula K(¢, T)= P(T — t). Now consider the general nonsingu-
lar problem. We have seen that this problem can be reduced to the standard
problem by a suitable feedback transformation u = Fx + v. Thus we can
appeal to Theorem 6.1. The conditions playing a role in this theorem, viz. the
stabilizability and detectability, have to be formulated in terms of the new
system X, obtained after the feedback transformation. Of course it is
desirable to formulate these conditions in terms of the original system Z. It is
well known that stabilizability properties do not change under feedback
transformations. Hence, the stabilizability of 3 is equivalent to that of X.
Detectability, however, is not invariant under feedback. We need a different
concept: strong detectability. This concept, first introduced for discrete-time
systems in [11], will be defined here for general left-invertible systems (not
necessarily with D left invertible).

DEerFintTION 6.7.  The system X:
% = Ax + Bu, y=Cx+ Du

is called strongly detectable if for any initial state x, and any control u such
that y(t)= 0 for all ¢ > 0 we have x(¢)— 0 (¢ — o0).

Plain detectability can be formulated as the property that u(t)=0,
y(t)=0 for all ¢t > 0 implies x(¢)— 0. Obviously strong detectability is a
strengthening of detectability.

A number of criteria for strong detectability can be given. Some of these
criteria can be found in [11] for discrete-time systems, and in [16] for
continuous-time systems.
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THEOREM 6.8. Let 2 be left invertible. The following statements are
equivalent:

(1) 2 is strongly detectable.

@) rank[)\lw—A —DB =n+m for ReA > 0.

air (C + DF, A + BF) is detectable.
(4) If F is such that (A+ BF)YV %V and (C+ DF)V=0 (compare
Theorem 3.10), then A + BF|V is stable.

(5) If Z is deteciable and in addition y(t)=0 (i >0), then u{(i)—0
(t = 00).

Proof. (1)= (2): Obviously, if the strong-detectability condition in Defi-
nition 6.7 holds for real functions u, x, y, it also holds for complex functions.
Let the rank condition of (2) be violated at A,. Then there exist x,, u,, not
both zero, such that (Aol — A)x, — Buy, =0, Cxy + Duy = 0. It follows that
x, = 0, since otherwise Buy,= Du,=0 would imply u,=0 (by the left
invertibility of =, we must have rank[B’, D’] = m). Then if x(0)= x,, u(t)=
eMoty,, we have that x(t ): =e*x, is the state trajectory and y(t)=10 for all ¢.
By the strong-detectability condition we must have x(t)— 0 and hence
Re A, <0.

(2)= (3): Since

Al— A- BF —B]=[M—A —BHI 0]
C+ DF D C D IlF 1

has full column rank for every F, the first n columns of this matrix must have
full column rank for Re A > 0. Hence (A + BF,C+ DF) is detectable (see

(3.

(3)=(4): If (A+ BF)V CVand (C + DF)¥ =0, then ‘Vis contained in
the (C + DF, A + BF }unobservable space. For (C+ DF, A+ BF) to be
detectable we must have that A + BF|Vis stable.

(4)=(1): Let y(¢)=0 for t > 0 for some x, € X and some u. Then, by
Definition 3.8, x, € V. The feedback input #: = Fx yields the state x(¢)=
elA+ BNy which converges to zero, since x, € Vand A + BF|V is stable.
The output corresponding to the input @ equals (C + DF)x(¢)= 0, since
x(t) € Vior all t > O (see Proposition 3.9). Since with the same initial state x
and with the inputs # and u we get zero output, and since the system is left
invertible, we must have # = u.

(5)=(1): For a detectable system u(t)—0 (t = 00), y(t)=0 (t>0)
implies x(¢)— 0. [Choose G such that A + GC is stable and observe that
i=(A+GC)x+(B+GD)u.]
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(1), (4)=(5): Strong detectability obviously implies detectability. The
second statement follows from the proof of (4) = (1). [ ]

THEOREM 6.9. Suppose that D is left invertible. Then the optimal
feedback stabilizes the system if and only if 2 is strongly detectable.

Proof. “Only if . Suppose that for some x, and u we have y(¢)=0.
Then this function u is obviously the optimal control u = Fx, which stabilizes
the system Hence x(t)— 0.

“If ”: Transform the nonsingular problem to the standard problem by
means of a feedback transformation u = Fyx + v (see Remark 2.7). Accordlng
to Theorem 6.8(3) the resulting system wi]l be detectable. Hence the optimal
feedback v = F|x stabilizes it. Then F:=F, + F| is the optimal feedback for

the original system, and it also yields a stable system. |

In order to extend this result to singular problems we have to reduce the
singular problem to a nonsingular problem, as described in Sections 4 and 5,
and to apply Theorem 6.9 to the system thus obtained. However, if we
proceed as described in Section 4, we obtain a nonsingular system which is
not strongly detectable, even if the original system is. Therefore, we introduce
a modification of the structure algorithm of Section 4. The modification is
made in order to achieve that the transformations P(s) (see 4.12) are
nonsingular for Re s > 0. Instead of Equation (4.n) we use Equation (4.n"),

where

(4.6") a=(p+a)o,
with «a > 0 arbitrary, and
(4.7) p(x— Bv)= Ax + B + aBv + x,,.

In (4.10) we now have
B,:=[B,(A+al)B].

Finally,

(4.13') P, = s[
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It is easily seen that the statements of Proposition 4.17 and Theorems 4.24,
4.28 remain valid after this modification.
We now have:

Tueorem 6.10. 3, is stabilizable iff Z is stabilizable. Z, is strongly
detectable iff 2 is strongly detectable.

Proof. (A, B) is stabilizable iff for ReA > 0 we have that nA = Ay,
1B = 0 implies 7 = 0 (see [3]) for every row vector 7. Suppose this is the case,
and assume nA = An, 7B, =0 for some A with ReA > 0. Then 7B, =[9B,
(A + a)nB]=0 and hence 1B =0, nB =0, so that 7B = 0. Consequently,
1= 0. The converse is shown similarly.

In order to show the statement about strong detectability we use condi-
tion (2) of Theorem 6.8. Suppose that for some A with Re A > 0,

AM-A —B

rank [ C D,

]<n+m.

Then there exist vectors p, g such that

(AMI-A)p—B,g=0, Cp+ D,g=0.

That is,
(M —A)p-Bg—(A+al)Bj=0,
Cp+Dg+CBG=0,
where we have introduced the decomposition ¢’ =:[§’, §’]. Substitution of

p + Bg = r yields

AM~-A —[B, (A+a)B]
C [D, 0]

Hence

[MEA —DBHH =9,
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where

4y =

o 7 ]
(A+a) 'g

Since Z is strongly detectable, it follows that r =0, g, = 0. Hence p =0,
q=0. ]

Let 2 be a left-invertible, stabilizable, and strongly detectabie system. The
structure algorithm yields a stabilizable and strongly detectable system X,
with left-invertible D,. According to Theorem 6.9, the optimal feedback
u = Fx, where F = —(D,D,)”'B.F, [see (6.5)], stabilizes Z,, so that the
optimal trajectory x () and the optimal control uX(¢) tend to zero as ¢ — co.
More specifically, x, and u} satisfy linear differential equations and hence
tend to zero exponentially fast [i.e., |x,(¢)| < Le ™, |u,(t)] < Le ~ ¥ for some
positive L, v], and so do their derivatives. It follows that also «*(¢) and x(t),
the optimal control and the optimal trajectory, both tend to zero exponen-
tially fast [see e.g. (5.7)]. However, the optimal control is given as an
open-loop control, so that one cannot say that 2 has been stabilized by the

ontimal control, Recall (see Theorem 5.8) that the ontimal contral congists of

il LOLILIVL AATORL (SRE 2 AC0IRIN .0 Lial 10 Oplliial COnLIO COLSISs O

an impulsive part and a regular part. What we would like to prove is that the
regular part of u* can be implemented as a state feedback. A direct proof of
this, based on the computations of Sections 4 and 5, turns out to be quite
complicated. Therefore we prefer to present a somewhat indirect method. As
a by-product we will derive a generalization of a result due to Kwakernaak
and Sivan [6]. First we give an infinite-horizon version of Theorem 5.10. From
now on, it will be our standing assumption that = is left invertible, stabiliz-
able, and strongly detectable.

THEOREM 6.12.  Assume that Z left invertible, stabilizable, and strongly
detectable. Let P be the (unique) nonnegative solution of the Riccati equa-
tion of system Z,. Then

(>}
x)Px, = inff ly|2dt,
0
where the infimum is taken over all smooth u satisfying [{°|u|®>dt < co.

Proof. Let u* € 9y minimize [°|y|>dt, and let x* and y* denote the
corresponding trajectory and output. Choose a matrix F such that A + BF is
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stable. Then
u* = Fx*+ w*,
where w*: =u*— Fx*, It follows that
-1
y*=Tp(p)w*+ Ce(pl — Ap) %,

where A=A + BF, Cp: =C + DF, Tp(p): = Cp(pl — Ay) " 'B + D.

We notice that |w*(¢)| <le " for t >0, for some [>0, y> 0. For an
approximate optimal control we choose

v:=Fx+ ¢ow*.

It is easily seen that v is regular, since ¢w* is regular. Denoting the
corresponding output by y,, we obtain y, — y* = ¢Z, where

Z= TF(p)w*
Hence

196 = 71 < [[$(r)|2(t =)= 2(1) ds

< max |Z(¢t— 1)~ Z(t)| < elye !
O<r<e

where we have used the fact that, because of the stability of the transfer

matrix Tp(s) and the fact that |w*(¢)| <le ™', we have |Z(t) < lpe ™" Tt
follows that

[ we(orde < [Clyizde + 1,60
t t < t+ .
A lyo(2)l fo lyl 1€

In addition, {°|v|*dt < co, since [v*(¢)| < Le ~** for some L > 0. [

Next we give a generalization of the Kwakernaak-Sivan result.

CoRoLLARY 6.13. Assume that X is left invertible, stabilizable, and
strongly detectable. Let P be as in Theorem 6.12, and define P, for ¢ > 0 by

oC
xoPxy= muln/(; (|y|2 + &%lu)?) dt
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Then
PP (eiO).

L4

Proof. Choose u such that ||u||%: = [°|u|*>dt <o and ||y||% = [°|y|* dx
<xyPx, + ¢, where ¢ > 0 is given (see Theorem 6.12). Then
xoPxo < |lyll® + el|ull® < xg Prg + ellull® +
< xoPxj +2¢
if ¢ is sufficiently small. Since €, is arbitrary, we have x{P.x, — x(Px, for
el0. |

It follows that the performance of the impulsive-smooth open-loop optimal
control can be approximated arbitrarily closely by the optimal feedback F, of
the problem of Corollary 6.13. For truly singular problems, F, must be “high
gain” (compare [12, VIIID)).

RemMaRrk 6.14. In {6] much attention is spent on the special case P = 0.
In Theorem 5.11 it is shown that ker K(0)=V + U, It follows that also
ker P =V + 9. Hence P =0 iff '+ U =X, or equivalently iff = is right
invertible (see Theorem 3.24). General conditions for lim J(x,) to be zero
(under the assumption D = () were given in [14]. Theorem 5.11 is a generali-
zation in a different direction.

For any regular u such that x(¢) - 0 we have
0 o d 0
2 Nt — 2, % — ’ ’ X
fo ly|=dt — xy Px, fo ([y| + dtxPx)dt L (v u ]N[u]dt,

where

(6.15) N.Z[C’C+A’P+PA C’D+PB]

D'C+ B'P D'D

LemMma 6.16. N> 0.
Proof. 1If D is left invertible, P satisfies the algebraic Riccati equation

(6.17) C'C+ A'P+ PA—(C'D + PB)(D'D) (C'D+ PB)' =0
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If we introduce

E:=C'C+AF+FA,
H:=C'D + PB, L.=D'D

then (6.17) reads E = HL ™ *H’. Since L > 0, it follows that

[E H
N_[H’ L]>O

—specifically,
[x/, u’]N[Z] =(H'x+ Lu)L™'(H'x + Lu).

In the general case (when D is not left invertible), we define for e > 0

IS

C'C+AP+PA CD+PB
D'C+ BP, D'D+ ¢

Then

A >0

where P, is characterized by
oP.x, = mi oo( 2+ ely)?)dt
*of.xo = min J lyl* + ely|”) dt.
u

Since P, — P for ¢ | 0 (see Corollary 6.13), we have N, > N and hence N > 0.
|

Because of Lemma 6.16 we can factorize N, say

(6.18) N:[g:}[@ bl

which gives rise to a new system 3
(6.19) i=Ax+Bu, §=Cx+Du.

For regular inputs such that x(¢)— 0 (t —'00) it follows from the foregoing
computation that

oC o]
(6.20) fo 1912 dt =f0 ly|2dt — x Px,.
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LemMa 6.21. QUg =y, and the relation (6.20) is valid for all u€ Uy
such that x(t) = 0 (t = o0).

Proof. Choose a sequence of smooth functions ¢; with support on [0, o)
such that ¢; converges weakly in ', to 8, i.e., (¢;,¢)— ¢(0) (i > ). Let
u € Q5. Let ¢, > 0 be any number.

We choose u, € Uy such that u = u, on (—o0,#,] and |uy(t)| < Le Y,
x(¢)< Le 7 for some y > 0, L > 0. (We assume zero initial state.) This can
be achieved by choosing any u, such that the corresponding state trajectory
x, as well as u, satisfies the desired inequality, and defining u, =1y ou +
X ° u;, where Y, x are smooth functions with support in (— oo, #,] (where
ty > t,) and in (t,, 00), respectively. Here o denotes pointwise multiplication
(recall that juxtaposition always denotes convolution). Define u;: = ¢,u,. Then
y:=T(p)u;, = ¢4y = yo: = T(p )y, in the £, sense. In particular

1|yi;;2:=/()°°lyflzdt *f()oclylzdt = ly|)?

On the other hand, §;: = T(p)u = ¢,§,, where §,: = T(p)u0 Here T(s) is the
transfer function of 2 It follows that g; — g, weakly in 7. Also, we note
that ||g,]|2 = ||y,||* [see (6.20)], and hence that ||§,]| is bounded. It follows that
there is a weakly convergent subsequence §;,— ¥ in £,. That is, { §ip 9) =
(§,¢) for every smooth ¢ in £,~in particular, for every ¢ €. Hence
g, — § weakly, and consequently, § = g,. Since § € £,. g, cannot have an
impulsive part. Finally, §, = §: = T(p)u on [0, ¢,], and consequently, ¢ has no
impulsive part. Thus, U C U 3. The converse is proved similarly. To prove
the second statement, we drop the assumption x;, = 0, and note that {[§]|* =
lim | g,/1% = lim||y,||2 — x4 Pxo = l[yl|% — x} Px,. .

As a consequence of Lemma 6.21 we have S = and ¥ 2 V. The
equality holds because ° is expressed completely in terms of A, B, and U,
and the inclusion follows from (6.20), since x, € V'iff there exists a regular u
such that y(¢) = 0 for all £. Finally, inf||§||? = inf||y||* — x{ Px, = 0, and hence
according the infinite-horizon version of Theorem 5.11 (see also Remark 6.14),
{ + 9§ =%%. On the other hand, ¥ is left invertible. This follows from
UWs=Us. If $ were not left invertible, there would exist a polynomial vector
¥(s) such that T(s)y(s)= 0. Then y(p)p* would be in U3 for all k. This
would contradict (5.1). Since 2 is left invertible, we have U N 9 = 0, so that

(6.22) Vel =%,
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Because of (6.20), the optimal controls of = and £ are the same. For 2,
however, the optimal control can be seen to be as follows: Write x, € X as
xo=v+ w with v €V, w € . Choose an impulsive input u, € Uy such
that x(0+)=v, choose F such that (A + BF)V ¢V, (C+ DF)¥' =0 (see
Theorem 3.10), and choose the feedback control u, = Fx for ¢t > 0. Then
lg]] = 0, and hence u = u, + u, is optimal for 2 and therefore also optimal
for Z.

CoMMENT 6.23.  As in the discrete-time case [11], the condition that 3 is
left invertible, stabilizable, and detectable can be interpreted as a minimum-
phase condition (stable transmission zeros). Hence, the satisfying result
emerges that minimum-phase systems correspond to solvable singular control
problems with stable closed-loop implementation.
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